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Absorption of electromagnetic radiation by absorptive dielectric spheres such as snow grains in the
near-infrared part of the solar spectrum cannot be neglected when radiative properties of snow are
computed. Thus a new, to our knowledge, geometrical-optics code is developed to compute scattering
and absorption cross sections of large dielectric particles of arbitrary complex refractive index. The
number of internal reflections and transmissions are truncated on the basis of the ratio of the irradiance
incident at the nth interface to the irradiance incident at the first interface for a specific optical ray.
Thus the truncation number is a function of the angle of incidence. Phase functions for both near- and
far-field absorption and scattering of electromagnetic radiation are calculated directly at any desired
scattering angle by using a hybrid algorithm based on the bisection and Newton–Raphson methods.
With these methods a large sphere’s absorption and scattering properties of light can be calculated for any
wavelength from the ultraviolet to the microwave regions. Assuming that large snow meltclusters �1-cm
order�, observed ubiquitously in the snow cover during summer, can be characterized as spheres, one may
compute absorption and scattering efficiencies and the scattering phase function on the basis of this
geometrical-optics method. A geometrical-optics method for sphere �GOMsphere� code is developed and
tested against Wiscombe’s Mie scattering code �MIE0� and a Monte Carlo code for a range of size
parameters. GOMsphere can be combined with MIE0 to calculate the single-scattering properties of
dielectric spheres of any size. © 2003 Optical Society of America

OCIS codes: 080.2720, 290.5850, 120.0280, 010.2940, 160.4760.
1. Introduction

To model the reflectance of a random medium such as
a snow cover or a desert soil surface by using radia-
tive transfer theory, we need basic optical properties
�the single-scattering albedo and the phase function
or the asymmetry factor� of the individual dielectric
particles of which the surface is composed. For
small spherical particles such as droplets in water
clouds, the optical properties can be computed exactly
from Mie theory1,2 and parameterized as a function of
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a liquid-water path and droplet size.3 For non-
spherical particles, unlike the spherical case, for
which the exact Mie theory is available, no bench-
marked computational techniques are generally
available, although research on light scattering by
nonspherical particles is being actively pursued.4–8

Grains in wet or liquid-saturated snow �liquid-water
content, �7%� tend to be cohesionless spherical par-
ticles.9 Thus single-scattering properties of snow
grains can be obtained by using Mie scattering theo-
ry.1,2,10,11 However, for moist or low-liquid-content
��7%� snow, grains tend to form multigrain clusters.
Clusters of grains are widely observed in snow
covers.12–14 Owing to frequent melt–refreezing cy-
cles, summer snow cover on Antarctic sea ice is char-
acterized by ubiquitous snow meltclusters with grain
size of 1-cm order,15–17 along with ice lenses, ice lay-
ers, and percolation columns. Centimeter-scale icy
nodules in snow were also observed in winter, after a
surface thaw–freeze event.14,18 It has been found
that the albedo is correlated with snow-composite
grain size of 1-cm order instead of the single grains of
1-mm order that make up composite grains.19 This
indicates that composite grains such as meltclusters
may play an important role in the radiative proper-
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ties of summer snow cover. Retrieval algorithms
based on the comparison between radiance or reflec-
tance data obtained from satellite sensors and those
computed by radiative transfer models need the
single-scattering properties of the target particles.20

To understand the interaction of electromagnetic ra-
diation with the dielectric particles and its role in the
remote sensing of snow cover and desertification, etc.,
it is imperative to obtain the single-scattering prop-
erties of the dielectric particles.

In principle, the single-scattering properties can be
calculated by using Mie theory for spheres of any size.
But the Mie solutions are expansions in terms of the
size parameter x � 2�a��, where a is the radius of
spherical particles and � is the wavelength of the in-
cident radiation. Numerous complex terms are
needed to obtain converged solutions for large values of
x.21 For this reason, available Mie codes can be used
for x� 20,000. For large values of x, the best method
is the ray-optics approximation.10,22 The geometrical-
optics method �GOM� has been extensively used in
scattering of radiation not only from spherical parti-
cles10 but also by nonspherical particles.23 Results
from a Monte Carlo code based on the GOM show that
differences in the simulated radiances between the
GOM and the Mie computations decrease as the size
parameter increases even when the magnitude of the
two phase functions at the scattering angle are almost
the same.23 It has been shown that results from the
geometrical-optics approach will converge to those ob-
tained by Mie theory when the size�wavelength ratio
becomes sufficiently large.24

The purpose of this paper is to develop a new
geometrical-optics code �geometrical-optics method
for sphere �GOMsphere�� based on the GOM for com-
puting single-scattering properties of large dielectric
spheres and to apply it to calculate absorption coef-
ficients, scattering coefficients, and phase functions
for both near- and far-field absorption and scattering
of electromagnetic radiation by large snow grains,
which cannot be obtained by using a publicly avail-
able Mie code �MIE0�. To accomplish this task, we
first derive a truncation formula for the number of
interfaces �N� required for accurate ray tracing as a
function of the angle of incidence �hereafter called the
incidence angle� and the ratio of the energy flux in-
cident at the jth interface � j is an integer� to that
incident at the first interface � j� 1�. The benefits of
using a truncation criterion �variable N� that depends
on the incidence angle in the calculation of the phase
function rather than using a constant N are discussed
in Subsection 3.B, along with a backward method
developed for calculating the phase function on the
basis of the solution of a trigonometric equation.

For applications of the GOM to summer snow cover,
the shape of the snowmelt clusters or composite grains
are assumed to be spherical for simplicity reasons only.
The complex refractive indices m̂ of snow and ice for
the calculations in this paper are taken primarily from
the updated compilation by Warren and collabora-
tors.25,26 Measurements by Kou et al.27 of the imagi-
nary part of the complex refractive index for

polycrystalline ice in the 1.45–2.50-	m region agree
well with Warren’s compilation. Discrepancies be-
tween the two data sets in this spectral region occur
mainly near 1.50-, 1.85-, and 2.50-	m, with the largest
discrepancy near 1.85 	m. Gaps in the data at ultra-
violet wavelengths in the 0.25- to 0.40-	m region were
filled by Perovich and Govoni.28 The temperature de-
pendence of the refractive index of ice for � � 100 	m
is deemed to be negligible for most temperatures that
would be found on Earth.26 With the spectral com-
plex refractive index available, the spectral depen-
dence of the optical properties of a single snow grain
can be calculated by using GOMsphere.

2. Single-Scattering Properties—Geometrical-Optics
Formalism

Scattering by a particle is actually the sum of the
reflection and refraction plus the Fraunhofer diffrac-
tion. Reflection and refraction depend on the optical
properties of the particle and act to distribute the
outgoing �scattered� light in all directions. The am-
plitude of the Poynting vector of a plane wave F� �it is
also called the spectral irradiance or energy flux at
wavelength �� is29

F� �
m

2Z0

�E0�2 exp���z�, (1)

where � � 4�m�� is the absorption coefficient and
Z0��	0��0 is the impedance of free space. m
 and
m are the real and imaginary parts of the refractive
complex m̂. �E0� is the amplitude of the electric field.
z is the distance traveled by the wave in the direction
of propagation.

A. Ray Tracing and Truncation

For a dielectric sphere whose radius is much larger
than the wavelength of the incident wave, we adopt
the ray-tracing method to calculate the single-
scattering properties.10,11 The incident wave is as-

Fig. 1. Ray-tracing diagram. Incident rays will propagate by
separation of reflection and refraction. The energy contained in
each ray decreases rapidly as it propagates. Rays such as A, B,
and C, etc., emerging from the scatterer will experience the same
process with other scatterers, resulting in multiple scattering.
The weight of each arrowed line denotes the energy content con-
tained in the ray.
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sumed to be p polarized, where p �F or � indicates
that the wave is parallel or perpendicularly polar-
ized. Reflection and transmission occur only at an
interface between media with different indices of re-
fraction. Figure 1 illustrates the absorption and
scattering by a spherical particle in the geometrical-
optics picture. The incidence angle �i is defined as
the angle between the ray hitting the sphere and the
normal at the hitting point. The initial ray sepa-
rates into reflected and refracted subrays after it hits
the particle surface. Energy contained in each ray
decreases rapidly as it propagates by reflection and
refraction. Here the direction of the refracted light
ray determined from the complex refraction angle is
defined in the same way as that from a real refraction
angle, but the value is the amplitude of the complex
angle or the absolute value of the complex angle.
Because light originates from outside the sphere, to-
tal internal reflections will not happen because the
incidence angle for an internal reflection is equal to or
smaller than the refraction or reflection angle at the
previous interface. The thickness of the arrowed
lines in Fig. 1 denotes this debasement of energy in
each ray. At the jth interface, which is defined as
the order of interface between the particle and the
incident light ray, assuming the incident electric field
is Ep,i

j, the reflected �Ep,r
j� and transmitted �Ep,t

j�
electric fields are19,30

Ep,r
j � rp

jEp,i
j, Ep,t

j � tp
jEp,i

j, (2a)

with

Ep,i
j � Ep,i, j � 1,

Ep,i
j � tp�

l�2

j

�rp
l�exp����� j � 1��2�Ep,i

� tp��rp�
j�2 exp����� j � 1��2�Ep,i, j � 2,

(2b)

where

rp
j � rp��i, �t, m̂� � rp, tp

j � tp��i, �t, m̂� � tp

if j � 1, and

rp
j � rp��t, �i, 1�m̂�, tp

j � tp��t, �i, 1�m̂�,

if j � 1,

and � is the path length between two consecutive
interfaces.

For absorbing and scattering media the reflection
coefficients rp and the transmission coefficients tp
are complex quantities. Following the discussion
in Born and Wolf31 about wave reflection and trans-
mission of metallic films and setting m̂ cos �t � u �

iv, i � ��1, we find that rp and tp have the
forms19,32

r���i, �t, m̂�

�
��m
2 � m2�cos �i � u� � i�2m
m cos �i � v�
��m
2 � m2�cos �i � u� � i�2m
m cos �i � v�

,

t���i, �t, m̂�

�
2�m
 � im�cos �i

��m
2 � m2�cos �i � u� � i�2m
m cos �i � v�
,

(3a)

r���i, �t, m̂� �
�cos �i � u� � iv
�cos �i � u� � iv

,

t���i, �t, m̂� �
2 cos �i

�cos �i � u� � iv
, (3b)

rp��t, �i, 1�m̂� � �rp��i, �t, m̂�,

tp��t, �i, 1�m̂� �
�u � iv�
cos �i

tp��i, �t, m̂� , (3c)

with

u �
�2
2
���m
2 � m2 � sin2 �i�

2 � 4m
2m2�1�2

� �m
2 � m2 � sin2 �i��
1�2,

v �
�2
2
���m
2 � m2 � sin2 �i�

2 � 4m
2m2�1�2

� �m
2 � m2 � sin2 �i��
1�2 ,

where �i is the incidence angle �real� and �t is the
refraction angle �complex�. For a spherical particle
with an arbitrary absorption coefficient, the sum over
the number of interfaces should, in principle, extend
to infinity. However, on the basis of the strength of
the incident electric field at the jth interface, the
series can be truncated at some value, for instance, N,
at which interface the electric field is so weak com-
pared with the incident field that additional terms
can be neglected.

If the truncation is made when the ratio of the
irradiance or energy flux at the jth interface to that
incident at the first interface � j � 1� is equal to some
small tolerance number �, we can obtain the trunca-
tion number N required for convergence through
combination of Eqs. �1� and �2b� as19

N��i� �
�� � 2 ln�t� � 2 ln R � ln �

�� � ln R
, (4)

where R � �r�2,

T �
m
��um
 � vm�2 � �vm
 � um�2�1�2

�m
2 � m2�cos �i
�t�2,

in which t � �0.5�t�
2 � t�

2��1�2 and r � �0.5�r�
2 �

r�
2��1�2. Here r�t�, which is defined as the ratio of the

amplitude of the reflected �transmitted� electric field to
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that of the incident electric field, is referred to as the
reflection �transmission� coefficient, whereas R�T�,
which is defined as the ratio of the energy flux of the
reflected �transmitted� wave to that of the incident
wave, is called reflectance �transmittance�. We ne-
glected the term ln m
 in Eq. �4� as it is generally a
small number. The dependence of N on the incidence
angle for the case of green light at �� 0.5 	m is shown
in Fig. 2�a� for an ice sphere of radius a� 1 cm. Two
cases of ��� 1.0� 10�16 and 1.0� 10�4� are also shown
in Fig. 2�a� so that the dependence of N on the toler-
ance number can be seen. N is a function of the in-
cidence angle, radius of the dielectric sphere, and the
truncation tolerance. If � is just 1.0� 10�4, the max-
imum truncation number is approximately 30 for large
incidence angles, but, for incidence angles smaller
than 70°, N � 5 is enough. For higher accuracy cal-
culation �� � 1.0� 10�16�, the maximum number of N
can be over 300 for large incidence angles. For inci-
dence angles smaller than 70°, N� 20 is enough. The

same calculation for � � 2.0 	m shows that N � 2 is
enough for all incidence angles. Glantschnig and
Chen33 compared angular scattering diagrams for � �
0.49 	m on the basis of the geometrical-optics approx-
imation for N � 2 with results from exact Mie calcu-
lations. They found that for �i � 60°, the agreement
is reasonable, whereas, for large angles the
geometrical-optics approach does not give good results.
From Fig. 2�a� we can see that, for green light, N
increases rapidly with increasing incidence angle
when it is greater than approximately 80°. This il-
lustrates that the approximation N� 2 is not sufficient
for the calculation of light scattering by weakly absorb-
ing particles at large incidence angles, but it is for
strongly absorbing particles. The dependence of N on
wavelength � is shown in Fig. 2�b� for �i � 60°. For
visible light, ice is weakly absorbing, and attenuation
is weak so that a much larger number of ray paths is
needed, whereas, in the near infrared, ice is strongly
absorbing, and only one or two paths are necessary to
extinguish the transmitted radiation.

B. Absorption Properties

If the incident radiation is unpolarized, then the total
absorbed energy �summed over all ray paths and in-
tegrated over the sphere surface for all incidence an-
gles� becomes11,19

Wabs � 2�a2F0 �
0

1

T�	i� �
j�2

N

�R exp������ j�2

� �1 � exp������	id	i, (5)

where

T �
1
2
�T� � T��,

with

Tp �
m
��um
 � vm�2 � �vm
 � um�2�1�2

�m
2 � m2�cos �i
�tp�2,

R �
1
2
�R� � R��,

with Rp � �rp�2,

� � �2a cos �t�

�
2a

m
2 � m2
��um
 � vm�2 � �vm
 � um�2�1�2,

(6)

with 	i � cos �i. The summation over j in Eq. �5� is
from 2 to N � N��i�. From the total energy ab-
sorbed and the initial incident irradiance, the absorp-

Fig. 2. �a� Maximum number N versus incidence angle for the
truncation in the sum series of the calculation of absorption effi-
ciency for an ice sphere with radius a � 1 cm and truncation
tolerance � � 1.0 � 10�16 and 1.0 � 10�4 for wavelength � � 0.5
	m. �b� The maximum number N versus wavelength � for the
truncation in the sum series of the calculation of absorption effi-
ciency of an ice sphere with radius a � 1 cm and truncation
tolerance � � 1.0 � 10�16 for incidence angle �i � 60°.
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tion cross section and absorption efficiency are
obtained as

Cabs �
Wabs

F0
� 2�a2 �

0

1

T�	i� �
j�2

N

�R exp������ j�2

� �1 � exp������	id	i

� 2�a2 �
0

1

T�	i�
1 � exp�����

1 � R exp�����
	id	i, (7a)

Qabs �
Cabs

�a2 . (7b)

C. Scattering Properties

Within the radiative transfer equation, the phase
function is defined as34,35

P��; 	, �; 	
, �
� �
4�Csca

d��; 	, �; 	
, �
�
Csca

�
4�Csca

d��, ��
Csca

, (8)

where 	 � cos � and Csca
d is the differential scatter-

ing cross section. For isotropic media, Csca
d��; 	, �;

	
, �
� depends only on the scattering angle �: � �
arccos�		
 � �1 � 	2 �1 � 	
2 cos�� � �
��. Thus
Csca

d��; 	, �; 	
, �
� � Csca
d��, ��. The physical

meaning of P��; 	, �; 	
, �
� is that it is the proba-
bility of a photon scattering from the direction �
 �
��
, �
� to the direction � � ��, ��. ��
, �
� are the
polar and azimuth angles prior to scattering, and ��,
�� are those after scattering. The total scattering
cross section,

Csca � 2� �
0

�

d�Csca
d��, ��sin �,

is the difference between the extinction cross section
and the absorption cross section, i.e., Csca � Cext �
Cabs. The phase function is expressed in terms of
the scattering cross section and the differential scat-
tering cross section:

P��; 	, �; 	
, �
� �
4�Csca

d��, ��
Csca

�
2Csca

d��, ��

�
0

�

d�Csca
d��, ��sin �

. (9)

On the basis of the phase function, the asymmetry
factor is defined as

g � �cos �� �
1

4� � P��; ��cos �d�

�
1
2 �

�1

1

P��; ��cos �d cos �. (10)

1. Near-Field Scattering
The total energy scattered by a large sphere includes
the diffracted, reflected, and transmitted compo-
nents. Thus the scattering cross section and scat-
tering efficiency of a large sphere can be written
respectively as11

Csca �
�
j�1

N

Wsca
j

F0
� Cdif � Cref � Ctra, (11a)

Qsca �
Csca

�a2 . (11b)

Scattered rays at the first interface are exclusively
the reflected component. All rays emerging from the
second interface on are included in the transmitted
component. Using the same procedure that was em-
ployed to obtain Eqs. �7�, we can derive the second
and last components of Eq. �11a� for unpolarized in-
cident radiation as follows:

Cref �
Wsca

1

F0
� 2�a2 �

0

1

R�	i�	id	i, (12a)

Ctra �
�
j�2

N

Wsca
j

F0
� �a2�

j�2

N

�
0

1

�T�
2�	i�R�

j�2�	i�

� T�
2�	i�R�

j�2�	i��exp����� j � 1��	id	i.

(12b)
Equation �12a� has the same form as in the case of a
nonabsorbing sphere.11 For the near field, the dif-
fraction is Fresnel diffraction. Fraunhofer diffrac-
tion will occur when the viewing distance r  a2��.30

For the incident plane waves, Fresnel diffraction is a
near-surface phenomenon. For the calculation of
scattering at the surface and far-field scattering, it
does not contribute anything. Thus we neglect the
Fresnel diffraction in the following discussion.

From scattering theory,10 the scattered irradiance
at a distance r from the scattering center is related to
incidence irradiance through the differential scatter-
ing cross section Cp

d� j, �i, �� by

Fp� j, �i, �� �
Cp

d� j, �i, ��
r2 F0

�
a2��p

j�2D� j, �i, ��F0

r2 , (13)

where

D� j, �i, �� �
sin�2�i�

4�� j � 1�
cos �i

�u2 � v2�1�2 � 1�sin �
,

�p
j �

�rp, j � 1
�u � iv�
cos �i

�tp�
2��rp�

j�2 exp����� j � 1��2�, j � 2 .
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For unpolarized natural light, the phase function
�see Eq. �9�� is thus

P��� �
2�
Csca
�
j,�i

�
p

Cp
d� j, �i, ��, (14a)

with

Csca � �a2 �
0

�

�
j,�i

����
j�2 � ���

j�2�D� j, �i, ��sin �d�.

(14b)

The sum ¥j,�i
in Eqs. �14� extends over all sets of � j,

�i� that make up a scattered light ray emerging at
angle �. This guarantees that the irradiances of
rays emerging at the same scattering angle for a
specific incidence angle but from different interfaces,
and those for a specific interface but from different
incidence angles, are added up. The extinction cross
section is determined by

Cext � Csca � Cabs. (15)

Equations �7�–�12�, �14� and �15� constitute the main
equations for near-field scattering by large absorbing
particles.

2. Far-Field Scattering
For the far-field scattering, the absorption is the
same as expressed in Eqs. �7�. The only difference
between the far-field and the near-field scattering in
the calculation of the scattering cross section is due to
Fraunhofer diffraction.10,33 The total differential
scattering cross section due to reflection, transmis-
sion, and diffraction is given by

Csca
d��i, �� �

1
2 �j,�i

�
p

Cp
d� j, �i, ��

�
a2J1

2�x sin ��
sin2 �

. (16)

The phase function is easily obtained if we insert Eq.
�16� into Eq. �9�. It takes the form

P��i, �� �

2 �
j,�i

�
p

��p
j�2D� j, �i, �� �

4J1
2�x sin ��
sin2 �

1 � �
0

�

d� sin � �
j,�i

�
p
��p

j�2D� j, �i, ��

. (17)

3. Single-Scattering Properties—Numerical
Computations and Comparisons

On the basis of the formalism in Section 2, we carry
out numerical calculations in this section, taking
snow and ice as an example of a random medium
consisting of a collection of dielectric particles. For
the integration involved, if only the integral value is
concerned, we use the Gauss–Legendre quadrature
method.

A. Absorption Efficiency

First, we calculate the integral value of Eqs. �7� by
using Gaussian quadratures. Because the abscis-
sas and weights of the n-point Gauss–Legendre
quadrature formula are based on the interval ��1,
1�, we transform the actual integration interval into
the ��1, 1� range.36 Comparison of the results
with exact Mie computations2 is shown in Figs. 3
and 4. The variation of the absorption efficiency
Qabs with particle size parameter x � 2�a�� for
wavelength � � 0.5 	m is shown in Fig. 3�a�. The
dashed curve is the absorption efficiency Qabs cal-
culated by the Mie code,2 and the solid curve is that
computed by the GOMsphere code. To assess the
deviation of the GOM results from the Mie results,
we define the percentage difference in the absorp-
tion efficiency as

!abs �
Qabs

Mie � Qabs
Geo

Qabs
Mie 100%. (18)

The dependence of !abs on x for � � 0.5 	m is shown
in Fig. 3�b�. The average difference for size param-
eter x in the range from 10 to 104 is 1.46% owing to
many extremely narrow peaks �ripple structure�. If
these peaks are ignored, the difference should be
smaller.11 For large particles with x from 5000 to
10,000, the average difference is 1.03%. As x in-
creases, the difference decreases to zero. The vari-
ation of the absorption efficiency for a wavelength
with larger absorption such as �� 2.0 	m is shown in
Fig. 4. The results for � � 2.0 	m is obtained by
using the same procedure as for � � 0.5 	m. As the
size parameter increases, Qabs approaches an asymp-
totic value as indicated by results from both the Mie
calculation and the GOM �Fig. 4�a��. The results
obtained by the GOM converge to the Mie results
when the size parameter increases. The average
!abs versus x is shown in Fig. 4�b�. From this figure
it is readily seen that the deviation of the GOM from
the Mie results approaches zero as x  4000. !abs
decreases monotonically with size parameter when
x  30, with a maximum of !abs occurring at x " 30.
For x � 220, !abs � 5%. For x values between 10
and 10,000, the average difference is 0.6%, and, for
large particles with x from 5000 to 10,000, the aver-
age difference is 0.13%. For a composite snow grain
as large as 1 cm, the size parameter can be as large as
100,000. GOMsphere works for any size parameter,
whereas, for MIE0, x � 20,000. From Figs. 3 and 4
we can see that when x  300, the difference is �4%;
when x  1000, the difference �0.7%. Therefore
results for x values only up to 10,000 are shown in
Figs. 3 and 4. In this paper the absorption efficiency
Qabs is calculated by using Eq. �7b�, which does not
include the above-edge and below-edge terms that
account for the surface wave effect.37,38 The surface
wave effect plays a role only for small size parame-
ters. It can be seen from Figs. 4 and 9 �see Subsec-
tion 3.B� that, when the size parameter exceeds a
threshold, the difference between GOMsphere and
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Mie calculations is negligible. Thus for large
spheres, the effect of surface waves is negligible.

B. Scattering Efficiency and Phase Function

1. Near-Field Scattering
Using the same procedure as in Subsection 3.A, we
may integrate Eq. �14b� numerically. For visible
light, for instance, � � 0.5 	m, Qsca " 1.0 for any x
because the absorption is very small �Fig. 3�. In the
near-infrared part of the spectrum, the scattering ef-
ficiency decreases with size parameter and approaches
an asymptotic value. For instance, Fig. 5 shows the
variation of the near-field scattering efficiency with the
size parameter x � 2�a�� for the wavelength � � 2.0
	m. The far-field scattering efficiency for � � 2.0 	m
�Subsection 3.B.2� is also included for comparison.

We can see that the difference between the far-field
and the near-field scattering efficiencies is exclusively
due to Fraunhofer diffraction.

The phase function Eq. �14a� and the asymmetry
factor g can be written in the following forms when
they are combined with Eq. �13�:

P��� �

2 �
j,�i

�
p

��p
j�2D� j, �i, ��

�
0

�

�
j,�i

����
j�2 � ���

j�2�D� j, �i, ��sin �d�

,

(19a)

g �

�
0

�

�
j,�i

�
p

��p
j�2D� j, �i, ��cos � sin �d�

�
0

�

�
j,�i

����
j�2 � ���

j�2�D� j, �i, ��sin �d�

.

(19b)

The angle of the emergent ray �scattering angle� at
the jth interface from the sphere that deviates from
the incident direction is10,19,33

cos � � cos�2� j � 1���t� � 2�i � � j � 2���. (20)

For a given scattering angle�, we need to find all the
sets of � j, �i� that satisfy Eq. �20�, so that the right-

Fig. 3. �a� Absorption efficiency versus size parameter x � 2�a��
for wavelength � � 0.5 	m corresponding to refractive index m �
1.313 � i1.910 � 10�9. The absorption efficiency is calculated
using Mie scattering theory �dashed curve� and GOM �solid curve�.
�b� Percentage difference !abs� ��Qabs

Mie� Qabs
Geo��Qabs

Mie�100%
versus size parameter.

Fig. 4. �a� Absorption efficiency versus size parameter x � 2�a��
for wavelength � � 2.0 	m corresponding to refractive index m �
1.274 � i1.640 � 10�3. Absorption efficiency is calculated by
using the Mie scattering theory �dashed curve� and GOM �solid
curve�. �b� Percentage difference !abs � ��Qabs

Mie � Qabs
Geo��

Qabs
Mie�100% versus size parameter.
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hand side of Eq. �20� can be evaluated. The method
to obtain � j, �i� is as follows. First, scan the j from
1 to N, and, for each j, solve Eq. �20� for all possible
roots of �i. Then substitute each set of � j, �i� into
Eqs. �19�. Summing all the sets of � j, �i� gives the
phase function and the asymmetry factor.

To solve the intractable trigonometric equation
�20�, let us first transform it into a polynomial equa-
tion, which is easier to solve. Setting S � tan��i�2�
� �0, 1�, so that

sin �i �
2S

1 � S2 , cos �i �
1 � S2

1 � S2 ,

Eq. �20� becomes

f �S� �
��1� j�2

�1 � S2�2
��1 � 6S2 � S4�cos�2� j � 1���t��

� 4S�1 � S2�sin�2� j � 1���t����cos �

� 0, (21)

with

�t � sin�1� 1
m̂

2S
1 � S2�

� �i ln	i
1
m̂

2S
1 � S2 � 
1 � � 1

m̂
2S

1 � S2�2�1�2� .

(22)

In Eq. �21�, complex refraction angle�t is a function
of S and thus is a dummy variable for the calcula-
tion of the phase function. Once the root S is
found, by substituting S into Eq. �22�, we can obtain
the complex refraction angle �t. For a given �, we
can find values of �i corresponding to different val-
ues of j �interface number� through the solution of
Eq. �21�, and then, by inserting � and �i’s into Eqs.
�19�, we obtain P���. To find the roots �S� of Eq.
�21� for a given scattering angle �, we adopt the
following methods. First, we bracket the roots and
then utilize a hybrid algorithm based on the bisec-
tion and the Newton–Raphson methods.39 As the
solution S is within �0, 1�, we calculate brackets for
a maximum number of possible roots for n �� nmax�
distinct intervals, each of which contains at most
one root for each interface. A trial-and-error
method is used to find nmax. The core procedure
adopted to calculate the phase function for near-
field scattering is shown in Fig. 6. Given the wave-
length, the size �radius� of the sphere, and the
scattering angle �, we scan the interface number j
to obtain a reasonable large value jmax �larger than
the interface number, Subsection 2.A�. For each
interface, we search for all possible roots. Appro-
priate redirection is performed to include all possi-
ble sets of � j, �i� in the calculation of the phase
function and the asymmetry factor �Eqs. �19��.
The phase function versus scattering angle for
near-field scattering is shown in Fig. 7 for a snow
grain of 1-cm radius. The dark solid curve is for

wavelength � � 0.5 	m, and the light solid curve is
for � � 2.0 	m. For the visible-light channel, the
rainbows appear at the angles where there are
peaks. However, for the near-infrared channel,
the transmitted energy is attenuated so quickly
that almost no energy is available to reach the third
interface where the primary rainbow is expected to
appear. Thus the phase function for the near-
infrared wavelength is much smoother than that for
the visible wavelength. To compare the results
from the GOMsphere code developed in this paper
with those from a Monte Carlo code,23 we show the
phase function for refractive index m̂� 1.333� i0.0
in Fig. 8. The results obtained by the Monte Carlo
code are taken from Table 1 of the paper by Kokh-
anovsky and Nakajima.21 Figure 8 shows that the
agreement between the two codes is remarkably
good. The phase function calculated by using the
GOMsphere code with N � 2 rather than with the
truncation formula �Eq. �4�� is also shown in Fig. 8.
For scattering angle�� 90°, because the difference
between the GOMsphere results using Eq. �4� and
N� 2 is within 5%, the calculation with N� 2 gives
very good results. But for �  90°, the phase func-
tion with N � 2 does not agree well with any of the
GOMsphere results using the truncation formula
and the Monte Carlo results. This corroborates
the results by Glantschnig and Chen33 that the
geometrical-optics approximation for N � 2 agrees
well with exact Mie calculations for incidence an-
gles �i � 60°, whereas it does not for larger inci-
dence angles. Phase functions calculated with N�
2 cannot intrinsically reproduce the rainbow peaks
because the primary rainbow appears at the third
interface,32 but those calculated with the
GOMsphere code using the truncation formula can

Fig. 5. Near-field scattering efficiency versus size parameter x �
2�a�� for wavelength � � 2.0 	m. The far-field scattering effi-
ciency for � � 2.0 	m is also included for comparison. The toler-
ance number � � 10�8. The difference between the far-field and
the near-field scattering efficiencies is due only to Fraunhofer dif-
fraction.
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exactly reproduce all the rainbow peaks predicted
by analytical results.10,19,32

2. Far-Field Scattering
The scattering efficiency for the far-field scattering
takes the form

Qsca
F � Qsca

N � 1. (23)

The phase function is the same as Eq. �17�, and the
asymmetry factor g is determined by Eq. �10�. Fol-
lowing the same procedure as in Subsection 3.B.1 to
find all the sets of � j, �i� for a given scattering angle,
we may evaluate the scattering efficiency, the asym-
metry factor, and the phase function. For a dielec-
tric sphere such as a snow grain, whose absorption of
visible light is negligible, the scattering efficiency is
approximately 2.0. For the near-infrared spectrum,
for instance, � � 2.0 	m, the absorption by snow is
much larger than in the visible, and the scattering
efficiency is well below 2.0. The dependence of Qscat
on the size parameter is shown in Fig. 9. When x �
1300, Qscat is almost constant. To compare results
from GOMsphere with those from Mie scattering
computations, we show in Fig. 9�a� Qscat versus size
parameter x obtained from both GOM and Mie com-
putations. The inset of Fig. 9�a� shows the results
for x up to 10,000. The difference between the GOM
and the Mie results is discernible only at small x
values. Figure 9�b� shows the relative deviation be-
tween GOM and Mie computations. For x � 110,
the relative deviation is smaller than 5%, and, for x �
350, it is smaller than 1%. When these deviations
are considered with the comparisons at other wave-
lengths, we conclude that the scattering efficiency
calculated by using GOMsphere agrees well with the
Mie calculation for x larger than approximately 200.

Phase functions for far-field scattering are shown
in Fig. 10. For comparison, the phase functions of
the near-field scattering are also shown. Figure
10�a� is for � � 0.5 	m, and Fig. 10�b� is for � � 2.0
	m. For the same wavelength, the structures of the
phase function for the near and far fields are similar,
except in the forward direction in which there is
strong forward scattering in the far field due to
Fraunhofer diffraction. The difference between dif-
ferent wavelengths for far-field scattering is similar
to that for the near-field scattering. For visible
light, multiple rainbows appear, whereas in the near-

Fig. 6. Flow chart for the computational procedure adopted to
compute the phase function for near-field scattering. T � true,
F � false. The root finding is based on a combination of bracket-
ing method and a hybrid algorithm based on the bisection and the
Newton–Raphson methods. The truncation number is deter-
mined by Eq. �4�.

Fig. 7. Phase function for near-field scattering versus scattering
angle � for a snow sphere of radius a � 1 cm for wavelength � �
0.5 and 2.0 	m. Each peak in the visible curve corresponds to the
position of a rainbow. The tolerance number � � 10�8.

Fig. 8. Comparison of the phase function calculated with
GOMsphere with that from a Monte Carlo code21,23 for the nonab-
sorbing case of m̂� 1.333� i0.0. The tolerance number � � 10�8.
The phase function calculated by using N� 2 rather than by using
the truncation formula �Eq. �4�� is also shown.
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infrared region no rainbows are observed for the
same reason as described in Subsection 3.B.1.

4. Discussion and Conclusions

A new geometrical-optics code, GOMsphere, has been
developed to compute scattering and absorption cross
sections of large dielectric particles of arbitrary com-
plex refractive index on the basis of the truncation of
the number of internal reflections and transmissions
of a specific optical ray. Different GOM codes rely
on different methods to control the run of the code.
The present code uses the ratio of the energy flux
incident at the jth interface � j is an integer� to that
incident at the first interface � j � 1� as a control or
criterion to determine the minimum number �trun-
cation number� of internal reflections required for
convergence. This truncation number N is a nonlin-
ear function of the angle of incidence, increasing rap-
idly when the incidence angle is large. Comparison
of the phase function calculated with GOMsphere
that uses �i� a constant N �for example, N� 2� and �ii�
a variable N �based on the truncation formula Eq. �4��
with that of a Monte Carlo code showed that N � 2
gives good results for scattering angles smaller than
90°, but it does not for larger scattering angles.
Compared with the Monte Carlo results, the variable
�incidence angle–dependent� N gives much better re-
sults than N � 2 because N must increase with the
incidence angle to achieve a fixed truncation toler-
ance number. N � 2 intrinsically cannot reproduce
the phase function structure with rainbow peaks.
These results corroborate the findings by
Glantschnig and Chen33 that for N � 2 GOM results
did not give good results when the incidence angle is
greater than 60°. This new GOM code is applied to
calculate the absorption efficiency, the scattering ef-
ficiency, and the scattering phase function for both
near- and far-field scattering for large snow grains
represented by homogeneous spheres. Comparison
between results computed by the GOMsphere code
and a Monte Carlo code21,23 indicates that the agree-
ment is good. Detailed scattering patterns can be
constructed by using the GOMsphere code. Rain-
bow angles appearing in the phase function agree
well with analytical results.10,19,32 Owing to the dif-
ference in absorption or the imaginary part of the
complex refractive index between the visible region
and the near-infrared region of the solar spectrum,
rainbows mainly appear in the visible, where absorp-
tion is so weak that there exists at least one internal
reflection. Rainbows seldom appear in the near-
infrared part of the spectrum, where absorption is
large enough for the refracted portion of the energy to
decrease to a negligible level without any internal
reflection. For realistic cases, snow grains may not
be homogeneous and spherical, and surface rough-
ness may change the position and amplitude of the
sharp rainbow peaks in the phase function. Phase
function computations for both near- and far-field
scattering show that the angular distribution of the
light intensity scattered by large snow grains is more

evenly distributed in the near infrared than in the
visible.

Results computed by the GOMsphere code agree
well with those computed by the MIE0 code1,2 for size
parameters x � 200 �difference � 5%�. GOMsphere
is valid for any size parameter larger than 200,
whereas the MIE0 code is valid for size parameters
smaller than 20,000. Thus the GOMsphere and
MIE0 codes can be combined to calculate single-
scattering properties �single-scattering albedo and
phase function� for any wavelength from the ultravi-
olet to the microwave and for arbitrary particle size.
To maintain a definite accuracy, one should ensure
that the size parameter is large enough �for instance,
�300� when using GOMsphere. The computing
time of the GOMsphere code is almost independent
of the size parameter, whereas for the MIE0 code
the size parameter is limited �x � 20,000� and the
computing time is long when the size parameter is

Fig. 9. �a� Far-field scattering efficiency versus size parameter
x � 2�a�� for wavelength � � 2.0 	m. In the inset the size
parameter extends to 10,000. The difference between Mie and
GOM calculations is very small except for small size parameters
��200�. �b� The deviation of the scattering coefficient calculated
by the GOMsphere code from that obtained by the MIE0 code.
When x � 110, the deviation is smaller than 5%. For both �a� and
�b� the truncation tolerance number � � 10�8.
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large. The computation time of GOMsphere de-
pends sensitively on the tolerance number. The
larger the tolerance number, the faster the code.
In the calculation of the phase function, the inci-
dence angle is integrated over its whole range of
values to obtain the phase function at each scatter-
ing angle. The GOMsphere code agrees well with a
Monte Carlo code in the phase function calculation
for all incidence and scattering angles �Fig. 8�. Al-
though the rainbow structure in the phase function
produced by the GOM code agrees well with ana-
lytical results,10,19,32 no glory peak at � � 180°, as
is expected from the Mie calculation, is observed
in the phase function calculated by using the
GOMsphere code.

The GOMsphere code is a computer program writ-
ten in ANSI 77 standard FORTRAN to calculate the
absorption coefficients, scattering coefficients, and
phase function for both near- and far-field scattering
of unpolarized radiation by large homogeneous di-
electric spheres. For general-purpose applications,
the input parameters required are the wavelength of
the light in meters, the radius of the particle in
meters, the particle refractive index, and the scatter-
ing angle in radians. If only absorption and scatter-
ing cross sections are needed, the scattering angle is
irrelevant. The code and associated information can
be downloaded from http:��www.ees.nmt.edu�zhou�
GOMsphere�.

This paper was supported by NASA under grant
NAG5-6338 to the University of Alaska Fairbanks.
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